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ABSTRACT: We consider a ¢ = 1 model in the fermionic black hole background. For
this purpose we consider a model which contains both the N = 1 and the N = 2 super-
Liouville interactions. We propose that this model is dual to a recently proposed type 0A
matrix quantum mechanics model with vortex deformations. We support our conjecture by
showing that non-perturbative corrections to the free energy computed by both the matrix
model and the super-Liouville theories agree exactly by treating the N = 2 interaction as a
small perturbation. We also show that a two-point function on sphere calculated from the
deformed type 0A matrix model is consistent with that of the N = 2 super-Liouville theory
when the N = 1 interaction becomes small. This duality between the matrix model and
super-Liouville theories leads to a conjecture for arbitrary n-point correlation functions of
the N = 1 super-Liouville theory on the sphere.
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1. Introduction

Low dimensional (super-)string theories, minimal conformal field theories (CFTs) coupled
with world sheet quantum (super-)gravity [l have been actively studied mainly because
they can be toy models useful to test many interesting conjectures which are difficult to
deal with in higher dimensions. Such dualities as holography and open/closed string dual-
ity can be quantitatively confirmed by calculating rigorously various amplitudes from both
the world sheet formulations and their dual matrix models. Another important application
of the (super-)Liouville theories is to investigate black hole physics. One of crucial devel-
opments is that 2D euclidean black hole constructed by a coset CFT SU(2,R)/U(1) [P is
dual to the sine-Liouville theory [J].

Dual matrix model for the black hole is provided by Kazakov, Kostov, and Kutasov [].
These authors have investigated the ¢ = 1 matter CFT coupled with the Liouville theory
which is perturbed by the sine-Liouville interaction. When the cosmological constant,
the coefficient of the Liouville interaction, is much bigger than that of the sine-Liouville
interaction, the model is basically the ¢ = 1 string theory and described by conventional
matrix quantum mechanics. The opposite limit in which the sine-Liouville interaction
dominates describes the Witten’s 2D euclidean black hole. The corresponding matrix
model can be constructed by adding vortex operators to the matrix quantum mechanics.



This conjecture is proved by computing the free energies of both theories directly. The
free energy of the deformed matrix model with infinite number of vortex deformations is
identified with the T-function of the Toda chain hierarchy. Allowing only the sine-Liouville
perturbation, the hierarchy is simplified to the Toda equation, which can be solved exactly
to find the free energy as a function of the cosmological constant and the coefficient of the
sine-Liouville interaction. The free energy can be expressed in terms of an infinite sum of
correlation functions of the sine-Liouville interaction terms. Using G. Moore’s conjecture
for the correlation functions [H], one can sum up the infinite terms to derive the free energy
which agrees with the matrix model result.

The dual matrix model for the coupled Liouvile theory is further confirmed by Alexan-
drov, Kazakov and Kutasov who computed non-perturbative corrections of both theo-

ries [f]. The free energy of a string theory is given by the genus expansion

oo
Fpert = 293972]09 (11)

9=0

where g; is the string coupling constant and ¢ is the genus of the Riemann surfaces. This
perturbative free energy is corrected by non-perturbative effects which are given as a form
of

Fhon—pert = C’ggAe*fD/gs. (1.2)

These effects are the exponentiation of the disk partition sum of the D-instanton. To
work out the non-perturbative effects in the Liuoville theory is a difficult task because the
understanding of the D-brane involves the strong coupling effect as gs ~ exp(Q¢) with
¢ representing Liouville direction. This problem was solved by [[§, §] where the extended
(FZZT) and localized (ZZ) branes were found. For the Liouville theory, the leading non-
perturbatve correction is given by the fundamental ZZ-brane and consistent with the matrix
model result.

In this paper we generalize these developments to the supersymmetric theories. The
matrix model for the fermionic black holes has been constructed by adding vortex defor-
mations to the type 0A matrix quantum mechanics [J]. Because the type 0A matrix model
is dual to the ¢ = 1 conformal matter coupled by the N = 1 super-Louville field theory
(SLFT) [d] and the fermionic black hole to the N = 2 SLFT [[LT], it is natural to conjec-
ture that the deformed type 0A matrix model is dual to the N = 1 super-Louville theory
perturbed by the NV = 2 SLFT interaction.

We support our conjecture using many recent developments on the SLFT theories. For
the N = 1 SLFT, the structure constants [[[3, [[3] and boundary one-point functions [[4, [[]
have been calculated. Similar results for the N = 2 SLFT have been obtained in [[§-
R3. Using these results, we will calculate the free energy of the coupled SLFT and non-
perturbative corrections due to the D-branes and show that they agree with the deformed
type 0A matrix model results.

This paper is organized as follows: In section J| we calculate the free energy and non-
perturbative corrections of the deformed type OA matrix model based on [JJ. The N =1
SLFT perturbed by the N = 2 SLFT interaction is defined in section fj. To compare with



matrix model results, we compute the non-perturbative corrections based on the boundary
one-point functions of the N = 1 SLFT and a bulk two-point function of the N =2 SLFT.
We conclude the paper with discussions and open questions in section [ We provide
necessary formulae of the N =1 and N = 2 SLFTs in the appendices.

2. Deformed type 0A matrix quantum mechanics

2.1 Perturbative expansion of the free energy

In this section, we set o/ = 1/2. A matrix model of the type 0A string theory in two
dimensions without R-R flux is proposed [[L]]

Soa = /dt o [|De? o], (2.1)

Here ¢t is an N x N complex matrix and Dt is the covariant derivative. We will consider
the case in which the time direction is compactified on S! with radius R, so there are two
non-trivial Wilson loops Tr€), Tr(2 for two gauge fields. As in [, one can deform the type
0A matrix model (R.1) as follows [f:

8= Soa+ > [T + X, Tr . (2.2)
n#0
When the parameters are given by

)\:I:l = 5\:|:1 = )\, )\n;éil = S\n;éil = 07 (2'3)

this corresponds to a matrix model of Witten’s black hole in type 0A string theory.
When )\, = S\n, the partition function of the deformed matrix model is factorized as

follows,

Zoa(\p) = ) 2N / DQDODt e
N=0

Moreover, when the condition (R.) holds, the free energy of each factor defined by Fiy(\, 1)

:=log Z4 (A, ) satisfies the following non-linear differential equation,
1. .
AR FLO 1) + exp | —sin? (9 Fe (A, )] =1, (2.5)

where p/ = /2. From now on, we will drop the prime.
One can solve this equation at least perturbatively, by using the free energy at A = 0

1 It —itu ; 0 ]t —itu
Fi(A:O,u):——Re/ < Zlm/ <
0 0

4 & sinh(t/2) sinh(¢/4R) 4 "t sinh(t/2) cosh(t/4R)’
(2.6)
as a boundary condition. For the tree level free energy F'y o(\, 1) the susceptibility
2R
X0 =03 Fio= “1_ g losA T Xeoly), (2.7)



satisfies the following differential equation
(y0y)* X 0(y) + 4(1 — R)?02e *+0W) =, (2.8)
where y = pu/A\/0=1) The solution is
y = e X£0/2R _ (9R _ 1)e(172R)Xx0/2R (2.9)

From this we can derive

X+,0A, ) = —2Rlog p1 + 2R log(1 — s) (2.10)
where
S _

Notice that this result is the same as that of H] if we rescale R to 2R.

Eq. (:10) can be used to expand the susceptibility x4 o. For the large y (small \),
the susceptibility becomes

=1 _ ['(n(2 - 2R))
A\ ) = —2R1 2R  —[(1 —2R)p* 22" : 2.12
Y0\ 1) opi+ 2R Sl = RPN s @D
Integrating this twice we obtain the free energy
=1 B I'(n(2 —2R) —2)
F = —Ru?l A) +2Rp?Y T —[(1 — 2R)p* 22" . (21

n=1

When A becomes strong, we can take a series expansion of the N = 1 SLFT perturbation
for the underlying N = 2 SLFT. From eq. (R.1() we obtain for 1/2 < R < 1

X+0(A ) = — log (2R — 1)\?) +

R
1-R
n F(ﬁ)

F(ﬁ—n—i—l)

(2.14)

When R = 1/2 which corresponds to the fermionic black hole, one needs to deal
with eq. (.13) carefully because the first two terms becomes singular while the expansion
parameter vanishes. A careful calculation leads to [f]

2
Fro(Ap) = —% log 1 — pA%. (2.15)

We will compare these results with those of the N =2 SLFT in section .



2.2 Non-perturbative corrections

Since the full F (X, p), not only the perturbative contributions, is a solution of (R.J), one
can also derive non-perturbative contributions from the equation. Suppose that the free

energy is of the following form,

F:t()\, M) - F:I:,pert()‘v M) + 6:I:()‘v M)a (216)

where the first term of the RHS contains all perturbative contributions, and non-
perturbative contributions are included in the second term. If we obtained Fy pert(A, 1),
which is possible in principle, one could obtain e (A, p) by solving

i)fl@)\()\@ei()\, i) = exp [—4 sin? (%) Fi pert(A, ,u)] {1 — exp [—4 sin? <%) e+ (N, u)} }

(2.17)

One may notice from (2.6) that the leading non-perturbative term would behave like

e~ 2B coming from the imaginary part of Fie (A = 0, ). This contribution is not physical

since this term would be cancelled in the total free energy Foa(A, p) = Fir (A, p) +F_ (A, w).

So the physically relevant term would come from the next-leading terms. We denote the

leading non-perturbative term by €p(A, 1) and the next-to-leading term by e;(\, p). The
equations one has to solve are now,

0,

1 1
2

Z)\ 8)\()\8)\60()\ W) = 4exp[ 4 sin® (7“ Fi,pert()\,,u)] sin2(
0

%)\ 8)\()\8)\61()\ W) = exp[ 4 sin® (%)F ' pert(A ,u)]
1(y, p) — 8(sin2 (%>eo(y7ﬂ))2}. (2.19)

cfase (%)

In solving (P-I§) and (R.19), we use the tree level free energy expression Fy (A, p) for
Fy pert(A, pv). By making the following ansatz for ep(\, )

JeoA ), (2.18)

co(A 1) = Poly, we ), (2:20)

one can obtain, from (R.1§), the following equation for f(y),

1

m(l —ydy)g(y) = e 2 sin(9,9(y)), (2.21)

where ¢(y) = yf(y)/2 and X (y) = X+ 0. We impose the boundary condition f(y) — 27R
as y — 0o. Then we obtain the solution

f(y) =27R + 4sin(rR)Au 4 -+ (2.22)

for large ;1. Note that R should be less than one in order to obtain F} .+ obeying the
boundary condition.
In deriving (R.19), we assumed that e; ~ (¢p)?. Therefore €; (), 1) should behave as

61()‘5 AUJ) = Pl (y’ :U‘)e_Quf(y) : (223)



One can show that this assumption is consistent with (R.19). Moreover, one can obtain
both Py(y, ) and Pj(y, 1) perturbatively in terms of 1/u.These 1/u corrections arise if we
use the free energy expressions including contributions from higher genera. It is nontrivial
that the relation €; ~ e%, which holds for A = 0, persists for nonzero A since the governing
equations for €, €1 are nonlinear.

Now we calculate 7,,, and p,, in the deformed matrix model. The definitions of r, p in
the matrix model are

Oy log e
\/!55(F+,0 +F_ o)l |x=0
0y log €1
IB3(Feo+ F_o) lxzo

Corresponding definitions in the Liouville theory are given by

, (2.24)

T =

o = (2.25)

= a,uL Zdisk ’ (226)

\/ 19, Fol =0

0 Zis
p = DuZaisk (2.27)

V193, Fol [x,=o

As explained in [{], loge is the disk partition sum corresponding to the D-instanton. In

the definition of r and p, the proportional constants between p, A and uy, Ar, are canceled.
When py, and Ap, are defined in the next section, we just write them as p and .

From the above results, one can obtain

L 2VR
" Vlog(A/w)

pm = —4sin(mR), (2.29)

2 /1 A
ﬁ—: =\ | & log m sin(mR). (2.30)

In order to compare the computations in the Liouville theory where o/ = 2 is used we

(2.28)

and therefore,

simply replace R by g. Thus in this convention

Iy = ——TV2R (2.31)
" Viog(A/w)’ '
Pm = —4sin(§). (2.32)

and
pm 2 |2 A . 7R
— = —4/—=log —sin(—). 2.33
2 [ os () (23
We will confirm these non-perturbative corrections by using the N = 1 SLFT results in

section fJ.



3. Coupled model of the N =1 and N =2 SLFTs

3.1 N =1 SLFT with the winding perturbation

The N =1 SLFT with additional sine-Lioville type interaction was also considered in
as a N = 1 generalization of the dual relation between the coset CFT SU(2,R)/U(1) of
the euclidean 2D black hole and the Liouville theory with the sine-Liouville interaction. It
is natural to conjecture that the type OA matrix model considered in the previous section
is dual to the following world sheet action:

S = /d2zd2 [ (DXDX + DO®DP) + ipe?® + (ire! igX+1-3)% | c.c.)l, (3.1)

where c.c. denote complex conjugate while X, X = X; — Xp and ® are real scalar super-

fields
X =z +i0¢ +i0¢ + i00G,
X =7 +i0¢ — i€, F=uxp— TR,
® = ¢ + by + 6 + iOOF.

In terms of the component fields this action can be written as

S:/fag+gm (3.2)
L= i(axax + £DE + EDE + 09Dp + VI + GOV + ippie?, (3.3)
Lip =i [16€ —icy(Y€ — E) + capip] €2 27190 e+
+§(: e’ + A <1 — g) e3P T1=5)0 4 ¢ c. )2 (3.4)
with , ,
c T s B Ty (e 5
Here we have followed conventions in [[J] where
o =2, 0= (0, —i0y)/2, 0= (0, +1i0y)/2,
D:%+% D:%+%, /fm%:/mwﬁw (3.6)

As pointed out before, we need to rescale R — R/2 for o/ = 2 convention. So the fermionic

black hole described by the matrix model with R = 1/2 corresponds to R = 1 in the SLFT.

When we set A = 0, the theory is the N = 1 SLFT coupled with ¢ = 1 free CFT where

the background charge term Q0%¢ is given by Q = b+ %. The central charge of the N =1
SLFT is

e = 1420 (3.7)

To cancel the conformal anomaly, we should set b = 1 or () = 2 so that total central charge

satisfies ¢, + ¢, = 10.



The bulk (NS) primary fields of the N =1 SLFT are given by
Va(z,Z) = 2? (3.8)

with conformal dimension 1

A, = 50[(@ —a). (3.9)
The last term in eq. (B.4) is a contact term which can be neglected since it does not
contribute in CFT calculation. It is convenient to define a dimensionless parameter

(3.10)

When z <« 1, L7 can be considered as a marginal perturbation for 0 < R < 2. In
this region we can compute the effect of the L;; interaction on the N = 1 SLFT D-branes
perturbatively. Another interesting region is z > 1 where we should treat the last term in
L which is the N = 1 SLFT interaction as a perturbation. In particular the £;; becomes
the N =2 SLF'T interaction when R = 1 since it can be written as

N
L = %¢_w_eb¢+ +ece., (3.11)

by redefining the fields
+ 1 . - 1 , i L o- =

Here lA), the N = 2 SLFT coupling constant, becomes b=1 /V/2. Tt is easy to check that
the Q0%¢ term with Q = 2 now acts as the background charge of the N = 2 SLFT. This
means that z > 1 limit of the total theory can be interpreted as N = 2 SLFT perturbed
by the N = 1 SLFT interaction. In particular the action with u = 0 gives the N = 2 SLFT
which describes the fermionic black hole, the super SU(2, R)/ U(1) coset CFT.
3.2 Non-perturbative corrections
Now we compute the non-perturbative corrections in the small A or small z limit. From
eq. (B-26), the parameter r is given by
. Zaisk i Ze—1 (1pe?) qisk
\/_8;21F0 \/<w@6¢wie¢>sphere

Here Z:— is the partition function of the ¢ = 1 matter CFT on the disk with Neumann

(3.13)

boundary condition.

The parameter r is given by a disk one-point function and a bulk two-point function.
These correlation functions have been computed using both conformal and modular boot-
strap methods in [[J-[[§]. Since the cosmological constant operator is a superconformal
descendant state of e?® with b = 1, the correlation functions of this operator are related to

those of € by [[4]

<1/11/;€b¢> = inbiz(eb¢>, <¢1ﬁeb¢wzﬁeb¢> = —bi4<eb¢eb¢>. (3.14)



Here n = 41 is a discrete parameter in the boundary conditions on the fermion, 1)+in) = 0.
The one-point function (e®?) is proportional to the boundary wave function for the ZZ-
brane with (1,1) boundary condition given by

bQ\ 1%
SC

Therefore the one-point function with a = b is given by

vlQ

—a) -1
(0= DrbG -GG -a)] . G

NI

(-1 -1
[bf(%(l - bz))r(%(i + 1))] (3.16)

() = o5y = = [um (3] &

where C' is a proportional constant between the one-point function and boundary wave
function.

The two-point function on the sphere (e*?¢*?) has been computed in appendix A and
the result is

e () b (D (DG 3) o

As b — 1, the parameter r can be computed from egs. (B.14), (B.16), and (B.17) as follows:

o Zeman(e®®)
e ;eri \ /—<leb¢eb¢>’ (3.18)
bQ %(1%2_1) 1
=l (@) w09
1 bO\ 17 1
o= b (N 020

To compute ¢ = 1 partition function Zs—1, it is helpful to split this into ¢ = 1 free
boson and ¢ = 1/2 fermion. The free boson part with Neumann boundary condition is
given by Z.—1 = \/R—/Q [l. The ¢ = 1/2 free fermion system is equivalent to a minimal
CFT for the critical Ising model. Its disk partition function Z._; 5 is the p = 3 case of

1 mr T
P 8 4 sin 2% sin 7% (3.21)
" p(p+1)/ (sinZsin L)% , ‘
P p+1

where (r, s) denotes a conformal boundary condition [24]. In this case we choose the Ising
model boundary condition (r,s) = (1,1), which gives Z._;, = Z11 = 1/v/2. Substituting
these into eq. (B.1§), we obtain

3

T2V R

,/QIOg%.

This result agrees with the matrix model result (R.31]) if we can fix the proportional constant

r=Cn (3.22)

=.
with the matrix model calculation, it is interesting to check if the same C' can be obtained

to Cn = —% Since the proportional constant C' can be fixed only when it is compared



for different matrix models. We will comment on this in the conclusion but for now we just
fix the value as it is.

Now let us move on to the next order in A\. We rewrite the N = 2 perturbation

term (B.4) as

L = . - R
T = if; = [c1€€ —ica(Y€ — §) + capi] cos (595) el1=3)¢ (3.23)
where ¢;’s are defined in eq. (B.H). From eq. (R.27) the parameter p is given by

_ OZaisk _ T )aisk (3.24)

- \/—8/2\F0 A=0 V <TT>sphere .

The one-point function (7) in the numerator can be computed as

(T) = <cos <§x> > <01<£g><‘/17§> n 63<¢1ZV17§>> . (3.25)

Similarly the two-point function (77) in the denominator can be written as

(TT) = <cos2 (%x) > < - HEED(ViigViin) + BED(WV_gwVig ) +

+ C§<££><1ZV1,§1ZV1,§> + c§<WV1§WVI§>>. (3.26)

The one-point function (£€) in eq. (B.25) corresponds to that of the energy operator
€ in the Ising model: (¢) = i(¢€). The boundary states of the Ising model are well-known
and the one-point function (e) is . The correlation functions of the descendant fields are

related to those of the primary field by

. 1+ R/2
(WVi_n) = ing —R/2< &),
1+ R/2
WVogtVig) = TR Vg Vieg)
_ _ 14+ R/2
WhogtVig) = T p Vi Viog):
. _ 1+ R/2\?
(WoVy_guypVy_z) = - <1 —R/2> VigVi_g).
Using these relations, p can be rewritten as
(Vi_r)
p=—V2By 2 : (3.27)
JViavig)
where B is the one point function of cos(gi“) on the disk with Neumann boundary con-

ditions, which is known to be the same as Z.—;. The one-point function <beﬁ> can be
2

derived from eq. (B.15)

yog) =~Cn v ()|

SIS

bR 1 1 R1!

(H-D+& )
[bl“( (1 -0+ 7)1“(5(b—2 +1)+ %)

1
2
(3.28)

,10,



The two-point function (V, =V, r) can be computed similarly as before and its deriva-
tion is explained in details in appendix [A]. The result is

- L1428
VooV, n) = b (bz 1+ f) [um (?)] g G(Hb? —bR)> x

m(; (1-5-5)). 52

In the limit b — 1, the one- and two-point functions approach

bQ\ 120G Dt 1
(Vo) = —Cr [’“” (7)] T(R/2)I(1 + R/2)’ (3.30)
(Vi Vi, g) = —— bQ|F T (T - R/ (3.31)
=53 T TR M\ o T(R/2) ) ‘
Substituting these into (B.27), we obtain
R TR
= 3/2 = 31 _
p=m Cnf(l T RTA—R)2) 2Cn\/7 sin 5 (3.32)

and the ratio

p 2 /2 A 7TR
—=— log — sin — .
r 7\ R oglusm 2 (333)

which confirms the matrix model result eq. (2.33).

3.3 Two-point functions of the N =2 SLFT

An interesting check of our conjecture is to compute the free energy in the large A\ limit,
eq. (R.17), where the underlying theory is the N = 2 SLFT. In this limit, the free energy
can be expanded as

Fo(\ p) = i ‘;—T< [z / szdQHeﬂ ' >N2. (3.34)

n=0

Here (...) y—2 means that the correlation function is evaluated in the context of the N = 2
SLFT.

It is very difficult to derive general n-point correlation functions. But three-point corre-
lation functions for some special operators are computable as we have listed in appendix [B-
We need the following three-point functions of the N =2 SLFT:

(PO HOT) T H6 )= = b8T) = (OTHOT)HOTHOT) O
o esh B )22 - 1/ (207 — 1)

= 3.35
V2 v(1 — 202) (3.35)
Integrating these and using the relation (B.F), we obtain
£2)2 2
L6 et +omny V20 L im0 =B @1/ 2
e e = i <
(W v )= =i - e -

(3.36)

— 11 —



When we fix b = 1 /v/2, the two-point function vanishes.

Noticing that 1e? is the N = 1 SLFT interaction, we can expect that the small u
corrections to the N = 2 SLFT free energy should not have y? terms which can be checked
easily in the matrix model result (R.15). In fact, this result shows that general n-point
(n > 2) functions of the N =1 SLFT interaction terms vanish. But confirming this in the
N =2 SLFT context is beyond the scope of this paper.

4. Conclusion

In this paper we have proposed a world sheet action corresponding to the deformed type
0A matrix model which describes 2D fermionic black hole. The model is the N =1 SLFT
perturbed by the N = 2 SLFT interaction. To justify our conjecture, we have computed
the non-perturbative effects arising from the D-instanton for the N =1 SLFT with N =2
perturbation and its proposed dual matrix model and have shown the agreement between
the two results. This confirms our conjecture for the N =1 SLFT side. When the N = 2
SLFT interaction becomes strong, we have calculated the correlation function of two N =1
SLFT interaction operators and confirmed that both the N = 2 SLFT and the deformed
matrix model agree. Although these calculations are not mathematical proof of the duality
conjecture, we believe that they are enough to justify the validity.

For non-perturbative corrections, we have computed the r parameter which measures
the D-instanton effect of the N = 1 SLFT without the N = 2 SLFT interaction and
the p parameter which is the first order N = 2 SLFT perturbation effect. Since the dual
relation between the N = 1 SLFT and the type 0A matrix model is well established [[L(], we
certainly expect that r should match at both sides. Assuming this, our computation shows
that p matches at both sides, which confirms the same D-instanton effect in the perturbed
case. In order to decide the precise value of r we should fix the undetermined quantity C'n
in the computation. This cannot be done solely in the N = 1 SLFT setup. Following the
approach of [f], one can consider the N = 1 SLFT coupled to superminimal models and
decide the similar constant C'n by comparing with the corresponding matrix models and
see if we can get the same C1 for various superminimal models and the ¢ = 1 model. Our
preliminary analysis shows a discrepancy by a factor 2 which we can not explain yet. We
may need a better understanding of the string equation governing superminimal models
and to work out the non-perturbative effects of such theories as in [R§]. This in itself is
an interesting topic and we hope we can report the progress elsewhere but is beyond the
scope of the Liouville theory calculation, which is of our main interest in this paper.

If this duality is accepted, one can compare the free energy of the deformed matrix
model (R.13) with the small A expansion of the SLFT free energy. This leads to a super-
symmetric version of G. Moore’s conjecture for the general n-point correlation functions
on the sphere of the certain N =1 SLFT operators:

2 T(n(2 - 2R) — 2)
T(n(1—2R)+1)

<TR"(T§)">O = 2Rnly? [(1 — 2R) 2] (4.1)
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where

7@::i/lﬁaf9a§X+ﬂ—§W. (4.2)

Due to technical difficulties of the N = 1 SLFT, this conjecture can not be proved by direct

calculations. But this result seems natural because the ordinary Liouville theory and the

N =1 SLFT share many physical properties like coupling constant duality in common.!
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A. Two-point functions of the N =1 SLFT
The three-point function of the N = 1 SLFT is given by [[[4]

—a%<1/)1;Na1Na2Na3> = (Al)

- |:IU,7T")/ (_Q) blb2:| QTQVS(O)TNS(2a1)TNS(2a2)TNS(2a3)
2 Tr(a14243 — Q)Y r(142-3)TrR(243-1) T R(O341-2)’

where

Tws) =1 (3) 7 (m ! Q) T =T (m : b) T <“’” +2b_1> (A2

and Y (z) satisfies the following formulae

1'(0) = Y(b),
Y(x+b) = y(bx)b' Y (),
T(z+1/b) = v(x/b)b**/* 1Y (2).

For a1 = ag = ag = b, using the formulae

ns(0) = %TR(b)7
Tns(20) 5 <bQ> pLbQ,

Tr(b) 2

Trg(2 1 1 2
Tws@) <_ (1 ~ _>> (@ _1> i
Tr(2b— 1) 2 b2 2

we find

LR IN,NyNy) = i) [w (?)] "y (% (1 - bi)) (? - 1)2. (A.3)

LAfter the paper was accepted, we were aware of the work [E] which discusses this question in the

matrix model side.

,13,



Integrating this, we obtain

5 o) b (D) (G0

For the two-point function (V, rV, k), one can integrate a three-point function
B 2 2
(WpWV, rV,_r). Setting a; =b, ag = az =b— % in (A.29) and using the formulae
2 2

Tns(2b—R) Q R bR—bQ
reoen = ((3-3)) e

Tns(2b—R) 1 1 R Q R 2_2_%2_%
wb—%—m"”(5(1‘?2‘3))(”(5‘5)‘1)b ’

we find

1 -

_ b w2t
_b2<T,ZJT,Z)W;Vb,§Vb7§> = —i [,mw <7Q>] ~ (762) b5~ (b <% B g)) o

1 1 R Q R 2
”(5(1%—2‘3))(1’(5‘5)‘1) : (A.5)
Integrating this, we obtain

1 R
bl /1 R bQ\17 v /1 )
VooaVm) = (ﬁ‘“@) [W (7)] ”(5““’ ‘bR>> .

a(3(1-%-3)) (A6)

B. Two-point functions of the N =2 SLFT

We consider the vertex operators of the following form

(5,5 2. L _ . . .
V#LST?’L) = exp [\/;(Z(m + s)xp +i(m+ 8)xr — jo) +isHp +iSHR| , (B.1)

where H, g are bosonized fermions and s,5 € Z for the NS sector, s,5 € Z + % for the R
sector. The constant k is related to the N = 2 SLFT coupling constant b by k = b2. The
dimensions are given by

jG+1)  (mts)? s i+l (m+3s? s

_ j( S
A =— — A=- — .
B + 3 +2, B + A —1—2, (B.2)

and the U(1) charges are given by

2 2(m + 5
o dmts) o S _2mts) (B.3)
k k
When s =5 =0, m and m are given by
k — wk
m:n+2w7 . 2w ’ (B.4)
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where n and w are momentum and winding numbers respectively.
The two-point function of the operator 1/)1,56‘/51"75 = ¢1Zeb(¢++¢7) satisfies the following

relation
1

(e @) b)) (b_2 _ 1>2 (D6 +07) b6 497y (B.5)
The operator €*¢"+¢7) is identified with the vertex operator of the form (B1): @t +e7) =
%Tok(o,o)_ The two-point function <ei’(¢’++¢’_)ei’(¢++¢_)> is computed by integrating the
three-point function <65(¢++¢>*)63(¢++¢*)¢7@763¢>+> and (ei’(w*w)ei’(dﬁ*W)wﬂﬁ*ei"f>
with respect to —ib*\. The three-point function of N = 2 SLFT is given in BJ. Us-
ing the result there, we find

2 - b - = — } —k(0,0)y ,—k(0,0)y ,—k/2(—1,—1
(POTHODHOTHOT )y by =y FOO OOy Y =D (B.6)

The expressions of F_ and D_ are written in [PJ and they are calculated as

1 ~
F_ = _8_47(1 - b2)3’
b s OO Y (2 4 1/6)* (b + 1/b)
- V2 T(3b—1/b)Y (b)Y (2b)
_ &b 102 - 1)

L
V2 (1201 07)

and we obtain

b6+ +67) BoT+07) = bdT) — \Z D b3 y(1 = b%)2y(2 — 1/b%) (20 — 1)? B.7
(T ey < 2B e . ®)
Similarly we find
N . _ -1 b= —k(0,0)y ,—k(0,0)y ,—k/2(1,1
(POTHETIOTHET )yt ey = (VO,O( )Vo,o( )V—k//Q—(l,—)k/2—1>
— (DOT 67 bETHOT) i bo Ty (B.8)
Integrating the sum of (B.7) and (B.§), we obtain
) ) 122 72
(D6 +97) b +97)y ﬁig—%zz}? N Gl o VLB S R
2 (1 — 2b?)

Substituting in (B.F), we obtain ([3-3§).
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