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ABSTRACT: Recently, O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena (ABJM)
proposed three-dimensional super Chern-Simons-matter theory, which at level k is supposed
to describe the low energy limit of N M2-branes. For large N and k, but fixed 't Hooft
coupling A = N/k, it is dual to type IIA string theory on AdS,; x CP3. For large N but
finite k, it is dual to M theory on AdSy x S7/Z;,. In this paper, relying on the second
duality, we find exact giant magnon and single spike solutions of membrane configurations
on AdSy x S7/Z; by reducing the system to the Neumann-Rosochatius integrable model.
We derive the dispersion relations and their finite-size corrections with explicit dependence
on the level k.
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1. Introduction

The AdS/CFT duality conjecture [[—f], has led to many interesting developments in
understanding the correspondence between type IIB string theory on AdSs x S® and N = 4
super Yang-Mills theory in four dimensions. Recently, new exciting field for investigations
appeared, after the discovery of the new AdSy/CFT3 duality []. The most promising
candidate for description of this correspondence is the A/ = 6 super Chern-Simons-matter
theory proposed by ABJM in [{]. This theory at level k describes the low energy limit of N
M2-branes probing a C*/Z, singularity. At large N, it is dual to M theory on AdSyx S7/Z;,.
For large N and fixed ratio N/k, it also has a 't Hooft limit, which is dual to type ITA
string theory on AdS, x CP3.

After the appearance of [[f], many related papers quickly followed [{]-[i]], investigating
different aspects of the ABJM theory. We would like to mention the discovery of the exact
S-matrix, including the dressing phase ], confirming the all-loop Bethe ansatz equations,
conjectured in [P3)].

In this article, we propose an M2-brane viewpoint on the ABJM theory at finite level
k, by considering membrane configurations with two angular momenta on R; x S7/Z
subspace of AdSy x S7/Z;, background, which exhibit similar properties of giant magnon
(GM) [, dyonic GM [4J] and single spike (SS) [i4] in string theory.

The paper is organized as follows. In section 2, we find an appropriate M2-brane
embedding into Ry x S7 /Zk. In section 3, we show that there exists unique Neumann-
Rosochatius (NR) integrable system, which describes membrane configurations with two



angular momenta, for any finite value of the level k. In section 4, based on this NR
approach, we give the corresponding M2-brane GM and SS solutions and the semiclassical
energy-charge relations, including the finite-size effects. We conclude the paper with some

comments in section 5.

2. Membranes on AdS, X S7/Z,

Let us start with the following membrane action

S = /dgf {4—1\0 [Goo — 2)\jGoj + )\i)\jGi]— — (2)\0T2)2 det Gi]} + TgColg} . (2.1)

where
Gon = gun(X)0 XMa, XN, Co1a = cunp(X)0o XM XN 9o X T,
O = (9/(9§m, m = (O,i) = (0, 1,2),
(€9, 61,62 = (1,01, 09), M =(0,1,...,10),

are the fields induced on the membrane worldvolume from the background metric gpsny and
the background 3-form gauge field cy/yp, A are Lagrange multipliers, 2™ = XM (¢) are
the membrane embedding coordinates, and Ty is its tension. As shown in [[i], the above
action is classically equivalent to the Nambu-Goto and Polyakov type actions. In addition,
the action (R.1]) gives a unified description for the tensile and tensionless membranes.
The equations of motion for the Lagrange multipliers A" generate the independent

constraints only

Goo — 2N Go; + NN Gyj + (20°Ty) det Gy; = 0, (2.2)
Goj — N'Gyj = 0. (2.3)

Further on, we will work in diagonal worldvolume gauge A’ = 0, in which the action (R.1)
and the constraints (2.2), (2.3) simplify to

1 2
Sy = /d?’fﬁM = /d?’f {N |:G0() — (2)\0T2) det G”} + TQC()lQ} R (2.4)
Goo + (2A°T5)° det G5 = 0, (2.5)

Goi = 0. (2.6)

Here, we are interested in the membrane dynamics on the R; x S7/Z; subspace of
AdS, x 87/ Z,, for which the M2-brane interaction with the background 3-form gauge field

cypnp disappears.
Let us introduce the following complex coordinates on the S”/Z, subspace

z1 = oS 1 cos ﬁei[%+%(¢l+¢3)], 29 = cos 1 sin ﬁe"[f—%(%—m)],

23 = Sln?/) COS %el[%+%(¢2_¢3)]’ 24 = Sln¢ Sin 9_2264%_%((1)2—1—(1)3)] .



Obviously, they satisfy the relation

4
E ZaZa = 1.
a=1

Next, we compute the metric

4
1
d8%7/zk = Z dzadéa = ﬁ (dQO + kA1)2 + dS%Pg,
a=1

where
1
A = 3 [COS2 1 cos O1dpy + sin® ¢ cos adps + (cos2 ¥ — sin? w) d¢3] ,
2 2 2 2 1 1 ?
dsips = dy” +sin” ¢ cos” ¢ 5 €08 01dpy — 5 08 O2do + dops
1 1
+7 cos? ¢ (d6F + sin 01de7) + 1 sin v (d3 + sin® O2de3) . (2.7)
The membrane embedding into Ry x S” /Zy,, appropriate for our purposes, is
Xo=DH(E™),  Wo=FRro(€)e# ), a=(1,2,34)
where ¢ is the AdS time, r, are real functions of £, while ¢, are the isometric coordinates

on which the background metric does not depend. The four complex coordinates W, are
restricted by the real embedding condition

4
ZWaWa = R2, or ng =1.
a=1

The coordinates r, are connected to the initial coordinates, on which the background
depends, in an obvious way.

For the embedding described above, the metric induced on the M2-brane worldvolume
is given by

R2
Gmn - I

4
—OmtOnt + 4 Z (amraanra + rﬁ@mgoa@ngoa)] . (2.8)

a=1

Correspondingly, the membrane Lagrangian becomes

ﬁ:ﬁM+A<ng—1),
a=1

where A is a Lagrange multiplier.



3. NR integrable system for M2-branes on R; X S7/Z,

Let us consider the following particular case of the above membrane embedding [16]

R .
Xo = 2R, W, = Rra(ﬁ,n)el[“’”+““(§’m], (3.1)

§ =ao1+ 07, n=ry02+0T,
which implies
t=r7,  @a(™) = pa(T,01,02) = WaT + pa(§,m). (3:2)
Here k, wq, a, 3, 7, § are parameters. For this ansatz, the membrane Lagrangian takes the

form (0¢ = 0/0¢, 0, = 0/0n)

2 4
L= I {(2/\0T2Rcw)2 Z [(857‘a877rb - 8,77‘a8§rb)2
a<lb=
O (Ber ooty — Oy aDe ti6) 2+ (e tiadyyry — Oy praery) 2

+ (a&uaan,ub - anﬂaaﬁﬂb)2rgrg]

4
+ Z {(2A0T2Ra7)2 (85Taanﬂa - anraailua)z - (ﬁaﬁua + 6877!“‘1 + wa)2] 7‘2
a=1
4 4
_ Z (B0crq + 00y74)* + (/1/2)2} + A (Z r — 1) :
a=1 a=1

We have found a set of sufficient conditions, which reduce the above Lagrangian to
the NR one. First of all, two of the angles ¢, should be set to zero. The corresponding 7,
coordinates must depend only on 7 in a specific way. The remaining variables r, and p,
can depend only on ¢!. In principle, there are six such possibilities. How they are realized
for the R; x S”/Z;, background, we will discuss in the next section. Here, we will work out
the following example

r = r1(§), ro = 132(§), pr = p1(§), p2 = p2(§),
rs = 13(n) = rosinn, ry = 14(N) = 10 COS N, ro < 1, (3.3)
w3 =g =0.

For this choice, we receive (prime is used for d/d€)

R? 2 / 7 / Pwa ? A
L= —m{ Z [(Az - ﬁ2)ra2 + (A2 - ﬁz)rg <ﬂa - A2 _ 62> o A2 — 620027"2]

a=1
2
zrz—u—@] |

a=1

+(k/2)? — 7«352} + A

LOf course, the roles of ¢ and 1 can be interchanged in this context.



where A2 = (2)\0T2Ra’yr0)2. Now we can integrate once the equations of motion for p,
following from the above Lagrangian to get

1 C
I __ - [ Z4
Ma - Az o 52 <Tg + Bwa> I (34)
where C, are arbitrary constants. By using (B.4) in the equations of motion for r,(¢), one
finds that they can be obtained from the effective Lagrangian

2

- 1 c?
Lyg = Z [(A2 — BHr? — Tz 7 <7‘_2 + A2w2r2>] + Ay

zrz—u—@].

a=1 a=1

This Lagrangian, in full analogy with the string considerations [f7]-[9], corresponds to
particular case of the n-dimensional NR integrable system. For C, = 0 one obtains the
Neumann integrable model, which in the case at hand describes two-dimensional harmonic
oscillator, constrained to a circle of radius /1 — 7’3.

Let us consider the three constraints (R.5), (R.6) for the present case. For more close
correspondence with the string case, we want the third one, Ggs = 0, to be identically
satisfied. To this end, since Ggo ~ 7‘(2]75, we set 0 = 0, i.e. n = yoo. Then, the first two
constraints give the conserved Hamiltonian Hyp and a relation between the parameters

involved:
2 ~
- 1oz A2 4 2
Hygr = Z {(Az - B)r? + 3 <ﬁ + A2w¢21Tc2L>:| = m(ﬁ/2)27
a=1 a
2
> waCa + B(K/2)* = 0. (3.5)
a=1

For closed membranes, r, and u, must satisfy the following periodicity conditions

ra(§ + 2ma,n +2my) = 1a(&,n),  pa(€ +2ma,n +21y) = pa(§,n) + 2704, (3.6)

where n, are integer winding numbers. In particular, v is a non-zero integer.
Since the background metric does not depend on ¢t and ¢, the corresponding conserved
quantities are the membrane energy E and four angular momenta J,, defined by

oL oL
= — 2 = 2 e — =
E = /d Ua(aot)’ Ju /d Ua(aosoa)’ a=1,2,3,4.

For our ansatz (B.3) J3 = Jy = 0. The energy and the other two angular momenta are

given by
E—@/dg J—“—RQ/dg(ﬁc +212w2> a=12 (3.7)
4\ T Ng(A2 — p2) a ata)> T ’
From here, by using the constraints (B.H), one obtains the energy-charge relation

4 2




As usual, it is linear with respect to E and J, before taking the semiclassical limit.
To identically satisfy the embedding condition

2
Yor—(1-rp) =0,
a=1
we set

r1(§) =\/1—r2sinf(&), ro(€) =4/1—rdcosh(§).

Then from the conservation of the NR Hamiltonian (B.5) one finds

. 1/2
2 a2a2 CF c3 A2 (0,2 2 2 .2 /
(A* + B*)R* — —— — —=— — A% (wisin® 6 + wj cos” §) . (3.8)

S walo + BR2=0 N G Sy S <
azlaa ’ 1—r3’ “(1-rd)?

By replacing the solution for 6(¢) received from (B.§) into (B.4), one obtains the solutions
for pg:

1 . d 1 - d
M= e <C'/ 15 +ﬁw1§> u2=m<02/00§9+ﬁw2£> (3.9)

The above analysis shows that the NR integrable models for membranes on R; x S*
and R; x S7/Zj, are the same [R1]. Therefore, we can use the results obtained in [21] for
the present case. For convenience, the corresponding solutions and dispersion relations are
given in the appendix.

4. M2-brane solutions on R; X S7/Z,

For our membrane embedding in R; x S7/Z;,, the angular variables ¢, are related to the
corresponding background coordinates as follows

_e 1 _e L
901—k+2(¢1+¢3), P2 = 2(¢1 ?3)
_e L _e 1
p3=1+5(d2—03), wa= -5 (P24 ¢3).
As a consequence, for the angular momenta we have
J, J, 1
Jor :f (J¢1+J¢3) J<P2:?<p_§(‘]¢1 —J¢>3),
. 1 Jo

1
J@a - k (J¢2 J¢3)7 J¢4:?_§(J¢2+J¢3)'

@q and J,, satisfy the equalities

1 4 1 4
Z(’D“:E(’D’ ZJGZEJ@
a=1 a=1



One of the conditions for the existence of NR description of the M2-brane dynamics is
that two of the angles ¢, must be zero, which means that two of the four angular momenta
Jp, vanish. The six possible cases are

°¢1=¢3+%=%¢+%, wz%—%z%w—%, 3 =0, 1 = 0;
'901=¢1=%<P+¢37 <P3=¢2=%90—¢3, 2 =0, 4 = 0;
'901=¢1=%<P+¢37 <P4=—¢2=%<P—¢3, 2 =0, w3 = 0;
°¢2=—¢1=%<p+¢3, ¢3=¢2=%w—¢3, 1 =0, 1 =0;
°¢2=—¢1=%<p+¢3, ¢4=—¢2=%¢—¢3, v1 =0, 3 =0;
°w3=—¢3+%=%¢+%, ¢4:_¢3_%:%¢_%, p1=0,  ¢2=0.

(4.1)

Here, ¢ and ¢9 are the isometry angles on the two two-spheres inside CP?, while ¢ is
isometry angle on the U(1) fiber over S? x S2, as can be seen from (.7)).

From ({.1)) it is clear that we have two alternative descriptions for ¢,. One is only
in terms of the isometry angles on CP?, and the other includes the eleventh coordinate ¢.
This is a consequence of our restriction to M2-brane configurations, which can be described
by the NR integrable system.

The six cases above can be divided into two classes. The first one contains the first
and last possibilities, and the other one - the remaining ones. The cases belonging to the
first class are related to each other by the exchange of ¢; and ¢o. This corresponds to
exchanging the two S2 inside CP3. Since these spheres enter symmetrically, the two cases
are equivalent. In terms of (¢,¢3), the four cases from the second class are actually identical.
That is why, all of them can be described simultaneously by choosing one representative
from the class.

Let us first give the M2-brane solutions for cases in the first class. Since they correspond
to our example in the previous section, the membrane configuration reads

Wi = Rri(€) exp {ip1(1,€)} = Ry/1 — r2sinf(£) exp {z [%‘P(T, ¢) + ¢(;7 f)} } ’

Wy = Rra(€) exp {ipa(r,€)} = Ry/1— 12 cos 6(€) exp {z [%p(ﬂ g N s 5)} }

W3 = Rrgsin(yos),
Wy = Rrgcos(yos),

where ¢ is equal to ¢ or ¢o.
From the NR system viewpoint, the membrane solutions for the second class configu-
rations differ from the ones just given by the exchange of Wy, W3, and by the replacement



/2 — ¢3. In other words, we have

Wi = B (€)exp (i (7. €0) = By = g sint(©) exp { | Fo(r) + an(r )| }.
Wy = Rrgsin(yo2),

. 2
Wa = Rra(€)exp {igalr €0) = 1= g eosd(©)exp {1 | 2tr.©) — en(r )| |

Wy = Rrg cos(vyos),

The explicit solutions for §(§) and ¢123(7, ), of the M2-brane GM and SS, along with
the energy-charge relations for the infinite and finite sizes are given in the appendix. Here,
we will present them in terms of ¢ and ¢12 3.

In accordance with ([AJ]), we have for the M2-brane GM with two angular momenta
the following dispersion relation

1/2 12 ’
Y1-70E— 3 (EJ@ + J¢> N \/Z <E‘]e0 - J¢> FBAR2 [ro(1 = 7)) sin’ 5, (42)

where J,, can be equal to Jy, /2, Jy,/2 or Jy,. In writing (.2), we have used that

1
— 1, (2@7kN)0, Ty =
R lP ( T ) ) 2 (27_‘_)2113)7
and the 't Hooft coupling is defined by A = N/k.
If we introduce the notations
J J, 1
E=a\/1—-1r2E, J,=a=2, j:a—¢, a= , 4.3
0 v 2 ¢ 2 V2Xkro(1 —rd)y (43)
the above energy-charge relation takes the form
E—T(k) = \/j22(k:) + 4 sin? g,
where
2 2

By using ({.3), (.4) and (A.9), we can write down the dispersion relation for the
dyonic GM, including the leading finite-size correction as

16sin* 5
£~ Ti(k) = \/j22(k:)+4sin2§ - il B
VT3 ) + 4sin® &
2sin? 2 <j1(k) + \/jzz(k:) + 4 sin? g) \/j22(k‘) +4sin® L
e T2(k) + 4sin* 2



The reason to introduce &, J, and Jy namely in this way is the following. For GM on
the R; x S3 subspace of AdSs x S°, in terms of

2T 2 2T
E=—E, TN =—7J1, Jo=-—Jo,
1 \/X 1 2 \/X 2

VA
E— T = /T2 +4sin’ g.

The same result can be obtained for the GM on the R; x CP? subspace of AdSy x CP3, if
we use the identification [R9]

we have

) J1 Jo
&= ) J1 = ) Jo = :
Ve T e T
In the all three cases, the second term under the square root is the same. In this description
it is universal - for different backgrounds and for different extended objects.

Analogously, for the SS case one can find (see (JA.11)))

(Apy +p)tan § )
(k) cse? p + tan? £

E—Ap = p+881n2§tan§exp <_j22

Ji(k) = \/jgz(k?) + 4sin? g

Let us point out that for & = 1 the above dispersion relations coincide with the ones
obtained earlier in [RT]. We can also reproduce the energy-charge relations for dyonic GM
and SS strings on R; x CP? by taking an appropriate limit. To show this, let us consider
the second case in (1), for which

2 2
EJSO_‘_J%’ J¢2 = %

In accordance with our membrane embedding, the following identification should be made

Jp = Jo — Jgg-

Jlstr — & Jstr — &

2 72 2
Then in the limit & — oo, g — 0, such that krqy = 1, we obtain from ([.9)

E— J5' = \/(Jgtr)2 + 8\ sin? g.

This is exactly what we have derived in 2] for dyonic GM strings on R; x CP3. Obviously,
this also applies for the leading finite-size correction. In the same way, the SS string
dispersion relation for R; x CP? background can be reproduced.

These string states are associated with the composite operators

tr [(AlBl)Jl (AQBQ)J2] +..., (45)

where A;’s and B;’s are the scalar fields of ' = 6 Chern-Simons theory in the bifun-
damental representations and the ellipsis represents the permutations of the fields. This
correspondence should also hold for finite k so that the M2-brane GM derived above cor-
responds to the composite operator ([£5§). However, it is not clear how to construct the
asymptotic Bethe ansatz equations in the case of finite k.



5. Concluding remarks

We presented here an M2-brane perspective on ABJM super Chern-Simons-matter theory,
which for large N and finite level k is dual to M theory on AdSy x S7/Z;,. In particular, we
found membrane configurations, which can be described by the same NR integrable model
for any positive integer k. Based on this, we gave the explicit solutions and the dispersion
relations, including finite-size corrections, for states with two angular momenta, exhibiting
GM and SS properties.

It would be interesting to see if the above results could be generalized to M2-branes
with three and four angular momenta. Also, one can try to include the conserved spin S,
arising from the nontrivial dynamics on the AdS, part of the background. In this case, one
must take into account the membrane interaction with the three-form gauge field.
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A. M2-brane GM and SS

For the GM-like case by using that Cy = 0, % = w? in (Bg), (B-9), one finds

CoS éo .95 52W% A W% - w% J
— T T < .~ —_- = D = —
cos 0(§) cosh (Dog)’ sin® 0y = 3 w%)’ 0 r cos B,
01(1,§) = wiT + arctan [cot fo tanh(Dof)] , wa(1,6) = wo <T + = ? 7 §> .

For the SS-like solutions when Cy = 0, &2 = w%fl2/[32, by solving the equa-

tions (B.§), (B.9), one arrives at

cos @ Lo~ A22? Ar/w? — w2 ~
COSH(S) = m, SlIl2 01 = m, Dl = 1212+_622COS€17
01(1,€) = wy <T — %) — arctan [cot 6, tanh(le)] s (1, &) = we <T + e ? 62{) .

The energy-charge relations computed on the above membrane solutions were found
in [F(], and in our notations read

Ji PN N o ,p p_ T
1—7‘8E——:\/<—> +PSIH2§’ —=——0p, (A.1)

2 2

VA Ap J AN ;
1-— 'I"gE - —T[_A(,Dl = 78 —1 = \/(;) + PSID2 g, E = g - 91, (AQ)

for the SS-like solution, where

= [2%2T2R3r0(1 - r8)7]2 . (A.3)

— 10 —



A.1 Finite-Size Effects
For Cy = 0, eq. (B:§) can be written as

(cos0) = A ——1 = wl — w2 \/ —cos20)(cos? 0 — 22), (A.4)

where
1 w3 w3 w?
= Q1+Q2——§i\/(Q1—Q2)2— [Q(Q1—|—Q2—QQ1Q2)— —3] =25,
2(1 — 22 wi w? | w?
wi
q1 = 1— /%2/00%,
@ =1-—32k2/ A%
The solution of (A.4) is
A/w? — 2
cos = zydn (C&lm), C::FWZJF, m=1-22/27. (A.5)
The solutions of egs. (B.9) now read
26/A 72 Jw? 22 — 2%
e o Bl (o 322L)]
1 —w2/w? 1—2z% 1 — 2y
25&)2/14&)1

po2 = ———==C¢,
241 — w3 Jw?

where II(k,n|m) is the elliptic integral of third kind.

Our next task is to find out what kind of energy-charge relations can appear for the
M2-brane solution in the limit when the energy £ — oo. It turns out that the semiclassical
behavior depends crucially on the sign of the difference A2 — 2.

A.1.1 The M2-brane GM

We begin with the M2-brane GM, i.e. A2 > $2. In this case, one obtains from (B.7) the
following expressions for the conserved energy E and the angular momenta Jq, Jo

2R(1 — 52/ A2)

&= K (1-22/22),

T o /)

2z 1_ﬁ2 2 A2w

5= LRI ) B2 | (A

1 — wy/wy “t

2z wo /wy 9, 9
Jo= ———E(1-—22/27).
? 1—w%/w% ( / +)

Here, we have used the notations

2T 2T J1 . 2T J2

= 1_T2E7 j1:—~_7
VA ’ VA 2

&=

— 11 —



where X is defined in (A-3). The computation of Ap; gives

6
max de
p=Ap = 2/9 g (A.8)

_ 2p/A [%2/w%H<_zi—z%
z_,_,/l—w%/w% 1—2_%_ 1—2’3_

In the above expressions, K(m), E(m) and II(n|m) are the complete elliptic integrals.

1 —z%/zi) ~K(1-22/23)].

Expanding the elliptic integrals about z2 = 0, one arrives at

£~ = [ T3 + amin(pyr) - 0D (A.9)

\/j22 + 4sin?(p/2)

2 <jl + \/j22 + 4sin2(p/2)> \/722 + 4sin?(p/2) sin?(p/2)
J3 + 4sin’(p/2)

X exp

It is easy to check that the energy-charge relation (A.9) coincides with the one found in [F1],
describing the finite-size effects for dyonic GM. The difference is that in the string case the
relations between £, J1, J2 and E, Ji, Jy are given by
2m 2m 2
E=—4E, UJi=—4), Jo=—7J,
Vo 1 Vo 1 2 o 2
while for the M2-brane they are written in ([A.7).

A.1.2 The M2-brane SS

Let us turn our attention to the M2-brane SS, when A2 < 2. The computation of the
conserved quantities (B.7) and Ay now gives
2k(6%) A% — 1
&= Gl ) K (1-22/23),

wiy/1 —wd/wizy
2Z+

Ny

2z wo/w
To = _#/1]3 (1-22/22),

V1= Wi fwf

26/ A 72 Jw? 22— 22
Apy = — /2 5 [ _/ ;H<— s ]1—23/2’3)—K(1—23/zi)].
V1—wijwizy [1—2% 1—z3

& — Ay can be derived as

1— 252/ 42
\71: 51%2/

B(- 22 i),

+

4
& — Apy = arcsin N(J1, o) + 2 (JF — J3) \/ —1 (A.10)

[4 - (J7 - F3)]
X exp _2 (j12 - jgz) N(jl, j2)
(Tt - ~722)2 +473

[Ap + arcsin N (J1, J2)]

)

4

VL) = g [ = )] \/ 7 )

DO | =

— 12 —



Finally, by using the SS relation between the angular momenta

Jr= \/522 + 4sin?(p/2),

we obtain

tan Z(A
5_A<P1=p+8sin2gtanp ( an §(Ap1 + p) )

-e - A1l
P\ tan? L+ JFesc?p (A11)

2

This result coincides with the string result found in [f3]. As in the GM case, the difference
is in the identification ([A7).
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