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S-matrix approach to AdS/CFT 
 

Elementary level Introduction  

IBS-KIAS workshop, High 1 Resort 



Very diverse audience 
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-  Abstract 
-  Unphysical 
-  Rigorous 

-  Numerical 
-  Physical 



Goal 
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Can we find physical quantities from coupling constant? 
                                                        
 

•  not so successful except perturbations 



(Ex) magnetic moment of electron 
•  Anomalous moment: 

– Exp.: 

– Should be determined by coupling constant  
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•  Mag. Moment confirmed by perturbation theory 
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non-perturbative methods so far 

IBS-KIAS workshop, High 1 Resort 

•  Classical: (ex) monopole, instanton 

•  Trivial theories: (ex) g=0 or infinity 

•  Trivial quantities: (ex) BPS 

•  Qualitative: (ex) holography 
 
•  Non-dynamical: (ex) localization 
 



Real Non-perturbative theory? 
•  Very difficult 

•  Only way is EXACT SOLUTION 

•  INTEGRABILITY 
SYMMETRY à exact solution 

 
S-matrix approach 
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S-matrix bootstrap 
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•  Infinite chargesà completely elastic scattering 

•  S-matrix enables exact computations of certain
physical quantities 

space 

time 
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•  Pole of S à bound state  
•  (ex) delta-function potential in QM 

– Bound state energy: 

– Scattering amplitudes: (E>0) 

 

Griffiths pp.73-74 

Pole at  



S-matrix Bootstrap 
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(ex) 2d Ising model with magnetic field 
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•  S-matrices by Zamolodchikov (1988) 

•  Mass spectrum from poles of S-matrices 

 
 

Perron-Frobenius vector  
of  Cartan matrix 

Golden ratio 



R Coldea et al. Science 2010;327:177-180 
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(A and B) Energy scans at the zone center at 4.5 and 5 T observing two peaks, m1 and m2,  
at low energies. 

R Coldea et al. Science 2010;327:177-180 
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AdS / CFT duality 



Space with negative curvature 

•  Anti-de Sitter (AdS) space 
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AdS space 
•  Inside: 5 dim AdS5 space 

•  Boundary: 4 dim space-time 
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time 

3 dim space 



Holography principle 
•  Hologram 

•  Holography principle 
– String theory on AdS space = gauge theory on the 

boundary space-time 
– Quantum gravity effect    ßà  gauge interaction 
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AdS/CFT conjecture (Maldacena) 
•  String theory on AdS5 x S5 

•  4 dim super Yang-Mills theory 
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•  Electromagnetism (Abelian gauge theory) 

 
•  Yang-Mills (non-Abelian gauge) theory: 

Gauge theory 



•  Supersymmetry  
– Scalar boson, fermion, gauge boson 

– N=4 SYM 

– RG fixed point: scale invariance 
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Spin 0 Spin 1 Spin 1/2 

Supersymmetric Yang-Mills theory 

V 



AdS/CFT duality 
 

Energy of string = Dimension of SYM 
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Need non-perturbation 



 

 
 
 
 

S-matrix 
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Symmetry 

 
Physical Quantities 



S-matrix 

•  SYM  : scattering of fields on the spin chain 

•  String side : scattering on the world sheet 
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•  Symmetry : 4d conformal group psu(2,2|4) 

•  From symmetry to S-matrix 
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•  S : 16 x 16 matrix 
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0

0
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beta-deformed SYM  

•  N=1 super-CFT 

•  Dual to string theory on  Lunin-Maldacena  
    background 
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S-matrix 
[CA-Bajnok-Bombardelli-Nepomechie (2010a)] 

 
•  Drinfeld-twist by a constant matrix 

 



Y-system	
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4-Loop su(2) Konishi 
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 [Fiamberti, Santambrogio, Sieg, Zanon (2008)]  
N=1 supergraphs 
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Wrapping diagrams 
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Results from Y-system 
[CA-Bajnok-Bombardelli-Nepomechie (2010b)] 
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After residue integrals 
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8 more pages like this 
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•  But the sum can be done by maple  
•  At four loop it match with Feynman diagrams 

•  No five loop yet 
•  But S-matrix gives EXACT formula! 

 

 
 



•  Exact	solution 

Gubser 
Klebanov 
Polyakov 
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String computation 

Gauge theory computation 
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Rigorous, analytic understanding based on 
integrability is at the core of non-perturbative  

phenomena 

Conclusion 

perturbation 

Non-perturbation 
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