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"Non” in Physics
Non-linear

Non-Fermi
Non-Gaussian

Non-perturbative




Perturbation , &)

* Approximation
« Exact solutions for a simpler problem first
 Small additional term based on the exact sols.




(ex) Quantum Mechanics

* Energy level corrections by perturbation
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Successes

Perturbations are applied to many systems

Successes of physics in the 20 century are all
based on perturbation

Feynman diagram

H/ \UO 2
n = EQAWO w422y ()

(ex) Quantum Electrodynamics



Magnetic moment of electron
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the most accurately verified prediction in the history of physics

« QED perturbation theory
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Fundamental Forces in Nature

Electromagnetic Interaction
— Condensed matter systems
— Quantum Electrodynamics (QED)

Weak Interaction
— Standard model of elementary particle physics
— Interactions are small

Gravity
— Even weaker than the weak interaction

Strong interaction



Strong Force (QCD)

* Quarks inside proton interacts very weakly
— Asymptotic freedom (2004 Nobel prize in physics)
when very close or high energy

gg_>0

* Even strong interaction is perturbative!



So, Perturbation is enough?

No!
There are many phenomena which are
Non-perturbative
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Renormalization
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QED
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Need infinite terms
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Renormalization group

d -
Tiogr? = B(g)

B <0 QCD A

Scale invariance

Wilson-Fisher
Fixed point



Condensed matter system

« Landau: metals as fermi gas with perturbation
(Fermi liquid)

* Many interesting phenomena: Luttinger liquid,
Mott transitions, etc show non-Fermi liquid

» Strongly correlated electron systems



Non-perturbative methods so far

« Classical: (ex) monopole, instanton
* Trivial theories: (ex) g=0 or infinity
* Trivial quantities: (ex) BPS
 Qualitative: (ex) holography

* Non-dynamical: (ex) localization



Real non-perturbative method
* Only way is EXACT SOLUTION

 INTEGRABILITY
SYMMETRY - exact solution

PPPPPPP



Integrable models

Special models with infinite conserved charges
Possible only in one dimensional space
Experimental technics can now realize these

Applicable to even 3 dimensional space



Examples

1. Low dimensional condensed
matter systems

2. Gravity / Gauge or AdS/CFT

PPPPPPP
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2D Ising model
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Partition function
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Can we solve for B#07?
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S-matrix

* Infinite charges—> completely elastic scattering

_ A
time

S(p1,p2) —----

>
space

* S-matrix enables exact computations of certain
physical quantities



* Pole of S - bound state
* (ex) delta-function potential in QM
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\ V = —adé(x)
ma? e i
— Bound state energy: = T Griffiths pp.73-74
— Scattering amplitudes: (£>0)
_ip i _ma
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Exact results
» S-matrices by Zamolodchikov (1988)

* Mass spectrum from poles of S-matrices

m1 = (4.40490857...)|B|*/13,
7T
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Experimental evidence of Eg

» 2D Ising model = 1D Ising spin chain

H=—J Z [ajajz-_H -+ haﬂ —I—Baj
j=1

1
hh=he =7 Critical Ising model

« Material: CoNb,Og
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(A) Cartoon of a neutron spin-flip scattering that creates a pair of independently propagating
kinks in a ferromagnetically ordered chain.
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(A and B) Energy scans at the zone center at 4.5 and 5 T observing two peaks, m1 and m2,
at low energies.
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AdS / CFT duality

PPPPPPP



Quantum gravity
Planck scale 10—35,,

Need to quantize gravity

String theory: a rubber band with Planck size

Only possible in 10-dimensions
— 6 of them are curled up in very small size



(h)

32
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Space with negative curvature

* Anti-de Sitter (AdS) space

17. 4. 1. Postech



AdS space

time

* Boundary: 4 dim space-time

17. 4. 1. Postech
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Holography principle

* Hologram

* Holography principle
— String theory on AdS space = gauge theory on the
boundary space-time

— Quantum gravity effect <—-> gauge interaction
1 A

17. 4.1 >\ Postech 35



AdS/CFT conjecture (Maldacena)
. Strlng theory on AdS; x S°

e R S
:T',..V.“ S

« 4 d|m super Yang -Mills theory
— Scale-invariant theory
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Gauge theory

* Electromagnetism (Abelian gauge theory)

1 1
L = o L FHY = > (E2 _ Bz) Fuy = 0,A, — 0yA,

* Yang-Mills (non-Abelian gauge) theory:
Ay = N¢e X Ne Matrix

Fuy — (9luAy — ayAlu + l.g[Alu, Ay]

L= —%Tr | Fu P | = % > (B2 - B/

a



Supersymmetric Yang-Mills theory

* Supersymmetry

— Scalar boson, fermion, gauge boson

I G 2 I U
Spin 0 Spin 1/2 Spin 1

—N=4SYM 4,20, a=1,.. 4j=1,.6

Tr 4 | ) a2 a b2, - ~ a
§ =5 | deig i+ D07 + |09, @|" + ¥Dx — ifTa[0, x]
YM

— RG fixed point: scale invariance
[ 6N, 8N,

11 1 1 ~
?NC_EZCi_ggcj =0

Postech
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AdS/CFT duality

Energy of string = Dimension of SYM

“ O(x) = Tr | XYZFux* (DY) .. |
i | ) 1
. (O(x)0(0)) = @

Computable for large A

50

Need non-perturbation
A= g%[MNc
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4-Loop su(2) Konishi

Tr [ZXZX]

Ir[ZZXX],

40
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Apert. = 4+12¢9°—48¢*4+3364°—(2496—576¢(3)+1440((5))¢°

* Wrapping diagrams
5 Awrap = [324 + 864((3) — 1440((5)] ¢8

* Higher order perturbations are not realistic

* Need to solve exactly

Postech



Symmetry

|

S-matrix

N

Asymptotic Bethe ansatz

17. 4.1 Postec

Wrapping corrections
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S-matrix
« SYM : scattering of fields on the spin chain

—_— €«
P1 P2

Tr|---ZZZZZ7Z7Z7Z7Z)\ZZZ7Z7Z7 - -- 2272777227777 7777 - - -|
¥, A

Q
*
Q
Q

{X,Y, Y,I_/,)(“,Ij }

*
*
*

« String side : scattering on the world sheet

o*
.
o
S

o
.
Pt)
.
o*
.
** ®
. *
.
.
o*
.
.
o*
.
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« Symmetry : 4d conformal group psu(2,2|4)

* From symmetry to S-matrix

I,.b b



e §:16 x 16 matrix

17.4. 1

(ab)(aB) (aB)(ab)

N
.
=
S
=
S
=1 0
S
A, S%=p,
| ba_l
SA=B), Shi=2A+B).
1 Ba 1
E(D—E), Saﬁ—i(D-f'E),
1 1
_Eeabfaﬁc’ ng — _EeabeafﬁF,
G, sv9-py, seolg  sea_p

G

K

m = n(p1)e
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 Periodic BC

— At each crossing, S-matrix . , X
J e?i T S(pj,pp) =1
k75,1

— Formulae for exact dimension can be derived

17. 4.1 Postech
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su(2) Konishi
Tr[ZZXX]., Tr[ZXZX]

2 1
e BAE : &%= — —i72V3((3)g° 28 T T “=5 Cotg\/l + 164° Sinzg

2u—1’

2_w_\fg2+9f 4 72x/§+;2x/§<<3)g6+m

P =

Appag = 44+129°—489%+3364°—(28204+288¢(3))¢°+. ..

(cf)
Apert. = 4412¢°—48¢*4+336¢°—(2496—576¢(3)+1440((5))4°

* Discrepancy
A = Apert —Apag = (3244864¢(3)—1440¢(5))¢%+. ..
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Why discrepancy?
Because S-matrix 1s valid only for infinite-size

Asymptotic Bethe ansatz 1s valid for infinite length

i
A —" S
Finite-size: Wrapping effects ~ +—) % §§ .
[ o

Need “finite-size” methods based on S-matrix
— Luscher correction
— Thermodynamic Bethe ansatz / Y-system / NLIE

Postech



TBA

InYy,pr = sk[In(1 + Yy prep) + In(1+ Yy )]sk [In1 + vk 0+ I+ vyt )l

AN

il

dp

A = —Nglfglog(l + Yn.0)
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—~ Results from TBA / Luscher formula

NS / C : :
.............. .|  For the su(2) Konishi  [Bajnok, Janik (2008)]
h A/_ o i /OO dq 4Lg2L Z(_l)F(jj/) {S(Ql)( )S(Ql)( B )} (751 (11)
= G oy v Plonay
L=4 147456Q2(3¢3 4 3Q2 — 4)2 ! 1

(4% + Q2)*(9¢* + 6[3(Q — 2)Q + 2]¢2 + [3(Q — 2)Q + 4]2) 9¢* + 6[3(Q + 2)Q + 2]¢2% + [3(Q + 2)Q + 4]?

Residue integrals

& num(Q) n 864 1440
Q; {_(9(24 —3Q2+1)4(27Q% —27Q* +36Q%+16) Q3  Q°

num(Q) = 7776Q(19683Q8 — 78732Q1° 4 150903Q'* — 134865Q12 + 1458Q1° + 48357Q% — 13311Q° — 1053Q* + 369Q2 — 10)

Sum A = 324 + 864(¢(3) — 1440((5)
Match exactly!
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beta-deformed SYM

Vg = [e™PZX - e XZ| +e XY - Y X| ey Z - 7Y

* N=1 super-CFT

* Dual to string theory on Lunin-Maldacena
background AdSs X S g



4-Loop su(2) Konishi

[Fiamberti, Santambrogio, Sieg, Zanon (2008)]

N=1 supergraphs
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4+ g*v1+ %2+ %3+ 9%+

6(1 +6)
_2— 15 — 218 — 962
3 15

+ -|-114+—5—|—5452—|—%T7

483 " 46 o
3 33 17
_ _ — 1230
865 T 263
DADT

T 5 —18062 4+ 16264 + 2225

<_5 + 297 + 7028 4+ 2346 — 40583 — 24354) ¢(3)

360 (1 4+ 6)2¢(5)

5 \/5 + 4 cos(4nf3)
- 3

Postech

2997

53

56



S-matrix
| CA-Bajnok-Bombardelli-Nepomechie (2010a)]

* Drinfeld-twist by a constant matrix

Sp(p1,p2) = Fp - S(p1,p2) - Fp

* Derived asymptotic BAE from PBC



Beisert-Roiban BAE (2006)

. K 2 -+
1 = 108 H “2k+2 ﬁ 1 —g°/2xy 2y,

k 1“19 Upp — % p—1 1 — 9%/2x1 24,

K i K ;
1 = z%(ﬁ)Huzy ugp — @ Tf U2 —usk t 3 pp w2 —wkt 3
k= L U2 U2k Ty U —UZL — 5 p— Y25 — Ulk — 3
i K +
1 = £i®3(8) H uzj — gk + 3 11 T35 — g
=1 U3j — U2k — 5 k=1 L3j — Tay
+\ + - + -
oy . ida(B) = 2 x4j—f”4k1—g /2244,
— ] = e I o*(@aj 2ap)——7 P
—_ —_ —_ 2 —
K3 1—92/2354'5131k K3 T, — T3k Ks T, — T K7 1—g°/2x,,x7)
j j j j
x 1 11 I =—— 11

p—1 1 — 92/233:1'}3311@ k=1 934_:- — X3k k=1 :1:2} — Tk =1 1 — 92/2332__7'337/6

Ky R
1 = ’L¢5([3) H — Uk + 2 :CSJ x4k
k 1 “53 Uk — § k=17T5j — T4

1 = z¢6(6)H —ugp —i =2 u6'—u5k+%K7 U6j—u7k+§
k 1“67 Uek t 1 =1 Uej — Usk — 5 =1 U6j — UTk ~ 3
1 = £i®7(3) H —uek+5 11 1—9°/2u704)
k= 1“7.7 u6k——k=11—9 [2T7 5 4,
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su(2) Konishi
Tr[ZZXX]., Tr[ZXZX]

* BAE . eAp1 — 8BTS 8—z’72\/§g(3)g6 Ul — U +

Ul — U — 1

JAipy _ Bmif | iT2V/3((3)¢% U2 — U1 F ¢
u> — U] — 1

ABAE = 4 + D1g? + Dog* + D3g® + Dyg®
3

D1 = 6(1+49), DQ=—5—15—215—952
3 15 495 5 27 3
Dx = — 114+ — =6 +545° + -9
3 4534- 15 -|- + + + 4
3(1+ 6)*

(—1 — 25 + 4962 + 84453

~ 865(1 4 35)2
— 13595% — 55625° — 26738° 4 19445")

+ <_§ + 27 + 545 — 9052 — 1895° — 8154) ¢(3)
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* Discrepancy
0A = Apert. — ABAE

= ¢®| —54(1 4+ 6)3(—5+36)¢(3) — 360(1 + 6)2¢(5)

81(1—368)% (1464
(14 36)?

* Need to be explained by TBA/Luscher based on the
S-matrix TN
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After residue integrals

i = —

J2

num =

fz3 =

17.4. 1

Results from TBA / Luscher formula
[CA-Bajnok-Bombardelli-Nepomechie (2010b)]

o dg  4alg2L

@+t 20

i) (11
)](JJ)( )

F(--/) (Q1) (Q1) -
ji [8 (¢,p)S (q,—p (5)(11)

0o 27

— f p
> | =2+ 5+ (@)
2560(1 + 2uf + 2u3)? Q=1 Q
(4uf + 1)2(4us +1)2
num
(4ug + 1)4(4u3 + 1)%
2048 (—1 + 5uf + 48uf 4 96uf — 2uiup — 16uun — 32uTus + 5u5 + 224ufus
1024utus + 1536ufu3 + 768uu3 — 16uiu3 — 128uju3 + 64uf
256uu3 + 48us + 1024usus + 3200u‘1‘u‘2‘ + 2560ufud — 32uju3
256u1u2 - 512u1u2 —+ 96u2 + 1536u1u2 + 256Ou1u2 —+ 64u2 + 768u1u2>

_ (1-36)°

1775 terms “12= > 5 3130
2/~14+96% (3V1- 822, /33)
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-(5121 (-5i+1561Q%*-21201 Q% +165121 Q% -779521iQ% +2160641 Q'°-3174401Q"2 +1966081iQ'%-327681Q'¢-160Qul +4352Q3ul -
50432Q%ul +321408Q7 ul - 1178624 Q% ul + 2396160 Q' ul - 2490368 Q'3 ul + 1277952 Q'3 ul - 262144 Q*7 ul - 140 i ul® +
6036 1 Q2 ul? - 972801 Q*ul? + 813504 1 Q° ul? - 39045121 Q% ul? + 107294721 Q% ul? - 16007168 i Q12 ul? + 12238848 1 Q¢ ul? -
44564481 Q¢ ul? + 786432 1 Q*® ul® -3840Qul®+109184 Q% ul®-1286656Q°ul® +8186112Q7 ul®-29806080Q° ul® + 60510208 Q*t uls -
65617920 Q3 ul® + 38076416 Q*° ul® - 11403264 Q*" ul®+ 1048576 Q*° ul® - 1700 i ul* + 852481 Q* ul® - 1436928 i Q* ul® +
120947201 Q% ul® - 57501696 i Q° ul® + 155193344 i @*® ul® - 229015552 i Q' ul* + 182779904 i Q** ul® - 752353281 Q*¢ ul* +
136314881 Q% ul® -39040Qul® +1111040Q% ul® -12920832Q° ul®+80328704Q" ul® -284033024Q% ul® + 555851776 Q' ul® -
584318976 Q%% ul® + 322699264 Q*° ul® - 83886080 Q*7 ul® +2097152Q** ul® - 116801 ul®+ 6149121 Q% ul®-10256384 i Q* ul® +
839347201 Q° ul® - 3844423681 Q% ul®+ 9849323521 Q*° ul® - 13521387521 Q** ul®+ 9768796161 Q** ul® - 3313500161 Q*°ul® +
272629761 Q¥ ul®-217600Qul’ + 5965824 Q% ul’ - 66535424 Q° ul’ +393981952Q" ul’ - 1310375936 Q° ul’ + 2346057728 Q** ul’ -
2179596288 Q3 ul’ + 960495616 Q*° ul’ - 148897792 Q7 ul” - 49600 i ul® + 2532608 1 Q% ul® - 40226816 1 Q* ul® + 310726656 1 Q° ul® -
13302988801 Q% ul® + 3100934144 i Q% ul® - 37001625601 Q2 ul® + 2134900736 1 Q*% ul® - 486539264 i Q*° ul® + 8388608 i Q'® ul® -
716800 Qul® + 18268160 Q3 ul® -189792256Q% ul® + 1041408000 Q7 ul® - 3144482816Q° ul® + 4859232256 Q' ul® - 3649044480 Q3 ul® +
1115684864 Q5 ul® - 67108864 Q7 ul®-1331201i ul*® + 61163521 Q% ul*® - 89391104 i Q* ul*® + 633085952 1 Q¥ ul*® -
2452226048 1 Q% ull® + 4944297984 1 Q1% ull® - 4777312256 i Q*2 ull® + 1935671296 i Q1% ull® - 234881024 i Q'€ ull® - 1392640 Qull! +
31883264 Q% ul't - 298713088 Q% ul*! + 1471610880 Q" ul*! - 3861774336 Q% ul** + 4783603712 Q** ul** - 2573205504 @*3 u1*t +
469762048 Q' ull!t - 220160 i ul'? + 83640321 Q* ul** - 108068864 i1 Q* ul'*? + 678658048 1 Q° ul*? - 2279079936 1 Q% ul*? +
36495687681 Q' ul'? - 2550136832 1 Q** ul*? + 587202560 i Q** ul*? - 1474560 Qul*® + 29360128 Q% ul*® - 237502464 Q°> ul*® +
998375424 Q7 ul'® - 2085617664 Q° ul®® + 1797259264 Q** ul'® - 469762048 Q*3 ul®® - 204800 i ul®® + 5734400 i Q% ul*? -
60817408 1 Q% ul*® + 3190292481 Q° ul*® - 8514437121 Q% ul*® + 843055104 i Q*% ul*? - 234881024 i Q*2 ul** - 655360Qul*® +
11010048 Q3 ul*® - 71303168 Q% ul® + 222298112 Q7 ul'® - 234881024 Q° ul*® + 67108864 Q** ul?® - 81920 i ul'® + 1376256 i Q% ul'® -
8912896 1 Q* ul'® + 27787264 1 Q° ul*® - 293601281 Q% ul*® + 83886081 Q% ul*®*-160Qu2 +4352Q3 u2-50432Q%u2 + 321408Q" u2 -
1178624 Q% u2 + 2396160 Q** u2 - 2490368 Q3 u2 + 1277952 Q% u2 - 262144 Q7 u2 + 51121 Q*ulu2 - 118656 2 Q* ul u2 + 1138048 1 Q°* ul u2 .
56637441 Q° ulu2 + 152862721 Q% ul u2-22249472 1 Q** ul u2 + 17924096 i Q** ul u2 - 7602176 1 Q** ul u2 + 1572864 i Q** ul u2 -
4480 Qul®u2+174976 Q% ul? u2 - 2408960 Q> ul®u2 + 16281344 Q" ul? u2 - 59152896 Q° ul® u2 + 117698560 Q** ul? u2 -
129744896 Q** ul® u2 + 79364096 Q*°> ul® u2 - 26869760 Q*" ul®u2 + 3145728 Q*°* ul? u2 + 122688 i Q* ul®*u2 - 2995968 i Q* ul*u2 +
291138561 Q° ul®u2-1437102081 Q% ul®u2 + 382468096 1 Q% ul® u2 - 5607915521 Q*2 ul® u2 + 468844544 1 Q** uld u2 -
2207252481 Q¢ ul®u2 + 46137344 1 Q'® ul® u2 - 54400 Qul® u2 + 2505216 Q> ul* u2 - 35850240 Q% ul® u2 + 241755136 Q" ul* u2 -
858062848 Q% ul® u2 + 1658478592 Q** ul®*u2 - 1806041088 Q*3 ul® u2 + 1094189056 Q*5 ul® u2 - 325058560 Q*7 ul? u2 +
14680064 Q% ul?*u2 + 12473601 Q> ul®u2-304721921 Q* ul®u2 +290317312 1 Q° ul® u2 - 1384857600 i Q% ul®u2 +
35179724801 Q*° ul® u2 - 4901568512 i Q*2 ul® u2 + 3774087168 i Q** ul® u2 - 1488977920 i Q** ul® u2 + 167772160 1 Q*¥* ul® u2 -
373760 Qul®u2 + 18141184 Q3 ul®u2-254623744Q%ul®u2 + 1650380800 Q7 ul® u2 - 5530009600 Q° ul® u2 + 9881518080 Q** ul®u2 -
9639165952 Q*3 ul®u2 + 4859101184 Q5 ul®u2 - 945815552 Q7 ul® u2 + 33554432 Q*°* ul®u2 + 6952960 i Q* ul’ u2 - 162570240 i Q% ul’ u2 -
14706442241 Q° ul”’ u2 - 65622835201 Q% ul’ u2 + 15195176960 i Q% ul’ u2 - 18733858816 1 Q2 ul’ u2 + 11924406272 1 Q*4 ul’ u2 -
34393292801 Q*® ul” u2 + 3019898881 Q% ul’ u2 - 1587200 Q ul® u2 + 74530816 Q3 ul® u2 - 984940544 Q° ul® u2 +
5928378368 Q7 ul®u2 - 18003984384 Q° ul® u2 + 28163702784 @'t ul® u2 - 22705864704 Q*3 ul® u2 + 8858370048 @5 ul® u2 -
1325400064 Q17 ul® u2 + 33554432 Q' ul® u2 + 22906880 i Q2 ul® u2 - 4914872321 Q* ul® u2 + 4084072448 i Q¢ ul® u2 -
16451638152 1 0% ul® u2 + 330545233921 Q*% ul® u2 - 33852227584 i Q** ul® u2 + 16949182464 i Q** ul® u2 - 3758096384 i Q*° ué92u2 +
268435456 1 Q% ul®u2 - 4259840Qul*® u2 + 178356224 Q% ul*® u2 - 2139226112 Q% ul*® u2 + 11541086208 Q" ul*® u2 -



30298210304 Q% ul*® u2 + 39352008704 Q** u1t® u2 - 24798822400 Q** ul*® u2 + 7532969984 Q*° ul*? u2 - 939524096 Q7 w1t u2 +
445153281 Q> ul* u2 - 8403681282 Q% ul*t u2 + 61712629761 Q° ul*t u2 - 21483225088 1 Q% ul*t u2 + 353810513921 Q% ultt u
28059893760 i Q*2 ull! u2 + 10905190400 i Q** ul! u2 - 1879048192 i Q*¢ ul*! u2 - 7045120 Q ul*? u2 + 239206400 Q3> ult?u
2496135168 Q% ul*? u2 + 11556880384 Q" ul'® u2 - 24384634880 Q° ul*? u2 + 24289214464 Q'* ul** u2 -11291066368 Q*> ul*?> u2 +
2348810240 Q%% ul'? u2 + 47153152 1 Q* ul*® u2 - 750256128 1 Q* ul*® u2 + 4593025024 1 Q° ul*® u2 - 12696158208 1 Q° ult3u
15523119104 1 Q*% w1t u2 - 8120172544 1 Q*2 ul?® u2 + 1879048192 i Q' ul?®* u2 - 6553600 Qult? u2 + 157286400 Q% ult?u
1317011456 Q> ul*® u2 + 4816109568 Q" ul** u2 - 6861881344 Q% ul*® u2 + 3841982464 Q** ul*? u2 - 939524096 Q** ul*® u2 +

209715201 Q* ul*® u2 - 268435456 i Q* ul*> u2 + 1207959552 i Q ul®®u2 - 1862270976 1 Q° ulls u2 +1073741824 1 Q1% ul*® u2 -
268435456 i Q2 ul*® u2 -2621440Qul*®u2 + 3355443° Q° ul16 - 150994944 Q> ul*®u2 +232783872Q" ul*®u2 - 134217728 Q° ultcu
33554432 Qi u1te u9—14Oiu_2+6036iQ~ 2-972801iQ%u +8135041Q6 u2? - 39045121 Q® u2% + 10729472 i Q1% u2? -
16007168 i Q*? u2? + 122388481 Q** u 44564481Q16 u7"+78643’>1Q18 -4480Qul u2?+174976 Q% ul u2? - 2408960 Q> ul u2® +
16281344 Q" ul u2? - 59152896 Q° ul u2? + 117698560 Q** ul u2® - 129744896 Q13 ul u2? + 79364096 Q*° ul u2® - 26869760 Q*” ul u2? +
3145728 Q% ul u2? - 3880 1 ul® u2? + 2142721 Q% ul® u2?-4311296 1 Q* ul? u2® + 40286720 1 Q¢ ul? u2? -196438016 1 Q% ul? u2® +
524476416 1 *° ul® u2? - 783220736 1 Q*> ul® u2% + 657063936 1 Q% ul® u2? - 309329920 1 Q'¢ ul® u2? + 65011712 1 Q*® ul? u2? -
106240 Qul®u2® + 4291072 Q% ul® u2® - 60866560 Q> ul® u2? + 410987520 Q" ul® u2? - 1465647104 Q° ul® u2? + 2881683456 Q** ul® u2? -
3203268608 Q% ul® u2? + 2026110976 Q*° ul® u2? - 631242752 Q7 ul® u2? + 33554432 Q% ul® u2? - 46560 1 ul® u2? +

29036801 Q% ul®u2?-627650561 Q% ul?u2® + 5946362881 Q° ul? u2® - 2844647424 1 Q% ul* u2® + 7336697856 1 Q1% ul® u2® -
10593501184 i Q*? ul® u2® + 8597929984 i Q** ul® u2? - 3594518528 i Q*¢ ul? u2® + 450887680 1 Q*® ul® u2% - 1064960 Q ul® u2?

43145216 Q% ul® u2? - 6069698! 340 Q' ul® u2® -
25783566336 Q13 ul® u2? + 140: 8 1 k th 201 ulfu2? +

20476928 1 Q2 u16u22—445663 more pages 1 e 1S 40281344 1 Q% w1® u2® -
57707855872iQ12 1.116 +4OUIOUIJ.OI._.J.\¢ uL il 10-410/\)11\4 UL UL + 1lULo%1lul/uLy uL u22—5836800Qul7u e
231022592 Q% ul” u2? - 3113418752 Q% ul” u2? + 19156647936Q ul? u2% - 59719417856 Q° ul” u2% + 98927640576 Q** ul” u2?

86576726016 Q13 ul” u2? + 36859543552 Q1% ul’ u2? - 5687476224 Q17 ul”’ u2? + 67108864 Q'® ul” u2® - 1318400 i ul® u2?

83460096 1 Q%> ul® u2® - 1750466560 1 Q* ul® u2® + 15009816576 1 Q° ul® u2® - 619433164801 Q% ul® u2? + 131372548096 i Q*° ul® u2? -
144929980416 i Q2 ul® u2? + 81040244736 i Q** ul® u2?-19293798400 1 Q*° ul® u2? + 838860800 i Q*® ul® u2% - 18841600 Q ul® u2*
712146944 Q% ul® u2? - 8872656896 Q% ul® u2® + 49515855872 Q7 ul® u2? - 135757168640 Q% ul® u2® + 190264115200 Q! ul® u2? -
135780106240 Q'3 u19 uz- +45063602176 Q*° ul® u72 4362076160 Q7 ul® u2® - 3471360 1 ul*® u2® + 202014720 1 Q> ul*® u2? -

39180042241 Q*ultu +3O"979481601Q ul®u 1091 92364801 Q% ult®u +195700981760iQ1° ullf u2?

175187689472 1 Q*? ullu 2 4+76822872 O641Q14u110 - 12683575296 1 Q¢ u11° - 3571712 0Qu111 '+1”65500160 Q% ulttu
13993246720 Q% ul*! u2® + 67825041408 Q7 ul** u2® - 156105703424 @Q° ulll u2® + 174785036288 Q11 ul't u2® - 97626619904 Q13 ulll
23018340352 Q*° ul*t u2? - 5611520 i ul*? u2? + 282 5584641Q ul?? u2®-47982837761 Q* ul*?* u +3"0897094001Q ul*?u
95158272000 i Q° ull2 +l34/_156308481Q1°ull' —918384803841Q1' ul?u2?+272 461987841Q14 ul*?u -36700160Qu113u 2
1204289536 Q3 113 11 00888832 Q% ull® u2? +43618664448Q7 113 - 77594624000 Q° ul*? 9-+61991813120Q11 ull?u2® -
21139292160 Q'3 ul®® u2? - 5079040 1 ult® u2? "06831616 1 Q% ult?u2?-27582 79168 1 Q% ul'® u2® + 14705229824 1 Q° ult® u2?
32015122432 i Q° ul“ 2% +282 863861761Q1U u114 -1040187392 01Q1- ult®u2?-1572 8640Qu115 22 +476053504 Q* ul®® u2?
3422552076.44Q51u115 2 4+8405385216Q" ul*® u2? - 7784628224 Q° ul** u "95”790016 QM ul*® u2? - 1966080 i ul*® u2® + 63

59506688 1 Q* ul*®u - 42 78190081Q ul16 +10506731591Q ull6 9730785"’81Q ulle u2? + 369098752 1 Q% ul*€ u2?



* After sum, we get exactly the discrepancy

g% —54(1 4+ 6)3(—5 + 36)¢(3) — 360(1 + §)2¢(5)

81(1—36)2(1+ 6

T (1+36)°
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 Exact solution

FT I I I I I I T
I ol
10 —_ -
ol String computation
I Dy = 22441994 3714 0 (A7)
s :
7k :
6| :
5L Dp, i = 24 12X — 4832 4 336X% 4 96 (—26 + 6¢(3) — 15¢(5)) A\* l
I ~96 (—158 —72¢(3) 4 54¢(3)2 + 90¢(5) — 3154(7)) A 4+0 <A6> I
43 Gauge theory computation
C I L L | L 1 L L | L L L L | L L L L | L L L L | L L L L | L L L

0 100 200 300 400 500 600
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Conclusion

perturbation

Non-perturbation

218t century is an era of
non-perturbative physics
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