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• 1D many-body Quantum Mechanics:

• This Hamiltonian is very difficult to diagonalize

– Numerical Method : N = ~30

– Perturbation theory : not applicable
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• Hilbert space: dim=

• Ground State :

– Ferromagnetic (J > 0) : 

– Antiferromagnetic (J < 0) : 

• Excited States : 
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• Coordinate Bethe ansatz

• Algebraic Bethe ansatz

• Functional Bethe ansatz

• Analytic Bethe ansatz

• Asymptotic Bethe ansatz

• Nested Bethe ansatz

• ….

• I will concentrate on “Algebraic Bethe ansatz” since 

it is most general and powerful.
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• 2D Statistical model on square lattice

• Boltzmann Weights on each vertex

• Arrows into a vertex = arrows out of a vertex

• Symmetric under arrow inversion
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• Partition function :

• Transfer matrix : 

• Need to diagonalize T
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…

Both ends are identified (PBC)



• Relation to HM:

• Spectral parameter u is assigned on each row

• “Integrability” : 무한개의 보존전하

• Condition for commuting transfer matrix is …
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• Boltzmann weights as matrix elements :

• Let us assume that W satisfies YBE
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• Solution for Heisenberg model:

• Transfer matrices commute  Integrable
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• Monodromy Matrix :

• Transfer matrix for the PBC
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• Ferromagnetic vacuum state 

• Annihilation operator

• Creation operator 
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• Construct a general state

• Act the transfer matrix 
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• We have seen that

• Act A & D on the state |Ψ> using CR

• Many “unwanted terms” from A & D cancel each 

other if the Bethe ansatz equation is satisfied
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• M coupled equations

• Eigenvalues of Conserved charges

• Taking logarithm

– Intergers I’s are chosen such that total states are
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• J > 0 : E increases along with M

• “string” solution as N ∞ :

• Low lying states are given by “long strings” rather 

than real roots
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• J < 0 : E decreases along with M 

• Vacuum is given by maximum real roots M=N/2

• Excited states : (ex) the first excited states

– Two Hole (spinon) state: spin Triplet

– Two Hole and one 2-string state: spin Singlet
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Good! But  so what? It is 
just a toy model in 

unrealistic one dimension



• Materials described by HM exist !
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• There are many materials with effective one 

dimensional structure (ex) Kondo effect
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• Type IIB superstrings on  

dual to                             Super-Yang-Mills gauge 

theory in 4d [Maldacena (1997)]
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• 전자기 :

• Yang-Mills theory :

• Supersymmetry : N=4 gauge supermultiplet



• Type IIB superstrings on                    is described by 

a sigma model

• Full quantization is not understood
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• Parameter relations:

with „t Hooft coupling

• Free superstring theory corresponds to a planar 
limit of SYM

• Quantitative check is tricky since it is a strong-weak 
duality

– SYM  perturbation for 

– String perturbation for 
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• Composite operators :

• Conformal dimension :

can be calculated by “renormalization group”

• We will focus on a special sector :

• Renormalization group mixes the composite 

operators 
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• Conformal Dimension is 

• Anomalous dimension is given by a matrix

• One-Loop perturbation theory : Heisenberg model 
[Minahan & Zarembo]
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• Ferromagnetic vacuum :

• Two “magnon” state : 
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• Point-like string moving in

with very large angular momentum

• Effective action : 

• Energy :

– Exact for all orders

– Agrees with BAE when 
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• Conjecture for all-loop magnon energy

• Notice that higher conserved charges 
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• Conjecture 1 [Beisert & Staudacher]

– Matches well with perturbative theories upto 3 loops

– Correction: Integrability and symmetry lead  to

• Conjecture 2 [Beisert, Eden & Staudacher]
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• In the classical string limit, the magnon energy is

and identified with a classical soliton configuration 

called “Giant magnon” [Hoffman&Maldacena]

• “Bethe string” ”Dyonic giant magnon”

2007-10-07 Colloquium at SNU (2007) 33



• String Bethe ansatz : SU(2) sector

• All-loop Bethe ansatz for full sector PSU(2,2|4) are 

known [Beisert]

• Non-perturbative Yang-Mills theory is one of the 

most important problems in theoretical physics and 

we are moving closer to the goal !
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• Scale dependence of composite (Wilson) operators in 
QCD

• High energy (Regge) behavior of scattering amplitudes 
in QCD

• Related to 2D quantum field theory like sine-Gordon 
model, HM can describe 
– Edge states in Fractional Quantum Hall

– Mott insulator and  transitions

– Etc.

• Related many other “integrable lattice models”
– XXZ (6vertex), XYZ (8 vertex), RSOS, ….
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Wow! I should be very 
proud of what I started.


